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ABSTRACT 
 
 In the framework of topological constraint theory, network glasses are classified as 
flexible, stressed–rigid, or isostatic if the number of atomic constraints is smaller, larger, or 
equal to the number of atomic degrees of freedom. Here, based on molecular dynamics 
simulations, we show that sodium aluminosilicate glasses exhibit a flexible-to-stressed–rigid 
transition driven by their composition. This transition manifests itself by a loss of atomic 
mobility and an onset of internal atomic stress. Importantly, we find that the flexible-to-rigid 
(i.e., loss of internal flexibility) and unstressed-to-stressed transitions (i.e., onset of internal 
stress) do not occur at the same composition. This suggests that the isostatic state (i.e., rigid 
but unstressed) is achieved within a window rather than at a threshold composition. 
 
I. INTRODUCTION 
 
Sodium aluminosilicate glasses are well recognized for their outstanding mechanical 
properties and its ability to undergo ion-exchange [1–4] with larger alkali elements, such as 
potassium, which increases its surface compressive strength. As such, sodium aluminosilicate 
glasses find a wide range of commercial applications, including its use as smartphone display 
surfaces, e.g. Corning® Gorilla® Glass [5,6] and as substrates for organic electronics [7]. In 
order to better understand the post-ion exchange properties of aluminosilicate glasses, this 
paper examines the origins of flexibility and internal stress in sodium aluminosilicate glasses 
within the framework of topological constraint theory (TCT) [8–15]. TCT describes the rigidity 
of a glass network by modeling atoms as truss nodes, and chemical bonds as truss members 
[10]. The number of constraints per atom (nc) is the sum of the following two types of 
constraints: radial bond stretching constraints and angular bond bending constraints, which 
varies between different atomic types based on the geometry of local connectivity. TCT allows 
for three modes: (i) flexible (nc < 3), where the number of inter-atomic constraints is fewer than 
the number of atomic degrees of freedom, (ii) isostatic (nc = 3), where the number of constraints 
exactly balance the degrees of freedom, and (iii) stressed-rigid (nc > 3), where the network is 
over-constrained, leading to the development of internal stresses [16]. 
 
 The atomic structure and physical properties, including density, stiffness, thermal 
expansion, and corrosion behavior of sodium aluminosilicate glasses have been well studied in 
previous experiments and simulations [17–21]. However, it should be noted that per-aluminous 
glasses with high alumina content have not been studied extensively in experiments due to 
decreased glass formation ability with increased alumina content [22]. Hence, this study relies 
on molecular dynamics simulations in order to simulate alumina-rich glasses—this study 
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examines compositions of (Na2O)30(SiO2)70-x(Al2O3)x, with x = 0% to 70% at 5% increments. 
Moreover, although topological constraint models have been proposed for different glasses, 
e.g., sodium silicate [23], sodium phosphosilicate [24], and soda lime borate [25], no 
comprehensive topological constraint model currently exist for sodium aluminosilicate glasses. 
 
Hence, this paper aims to fill this gap of knowledge by proposing a topological 
constraint model (TCM) for sodium aluminosilicates, which is compared to and verified with 
signatures of flexibility and internal stress obtained from simulations. 
 
II. SIMULATION METHODOLOGY 
 
A. Preparation of the glasses 
 
 Sodium aluminosilicate glasses with compositions of (Na2O)30(SiO2)70-x(Al2O3)x, with 
x = 0% to 70% at 5% increments are simulated by molecular dynamics using the LAMMPS 
[26] package. All simulations are performed using the well-established empirical potential 
parametrized by Teter [27], which has been verified to predict realistic structural, mechanical 
and dynamical properties for sodium aluminosilicate glasses [18,28–32]. The short-range 
interactions are modeled by a Buckingham potential with a cutoff of 8.0 Å, and the Coulombic 
interactions are evaluated using the Ewald method, with a cutoff of 12.0 Å [28]. 
 
All glass compositions are composed of roughly 3000 atoms and the initial 
configuration is created by randomly placing atoms in a cubic simulation box while avoiding 
any unrealistic overlap. The cooled glasses are then formed by (i) creating the melts at 4000 K 
with a Gaussian distribution to lose the memory of the initial configuration, (ii) equilibrating 
the melts at 4000 K and 2 GPa for 100 ps, and then at 4000 K and zero pressure for an additional 
100 ps to lose the memory of initial configurations, (iii) cooling from 4000 K to 300 K at 1 
K/ps at zero pressure, and (iv) relaxing the cooled glass at 300 K and zero pressure for 200 ps. 
The glass forming procedure described above is performed in the NPT ensemble with a Nosé–
Hoover thermostat and barostat [33,34]. A timestep of 1 fs is used for all simulations. All glass 
compositions are repeated for 6 trials by using different random velocities for the creation of 
glass melts. 
 
B. Structure characterization 
 
 Determining the radial and angular constraint of different atomic sub-species is 
important in creating a realistic topological constraint model. To this end, each as-cooled glass 
composition is relaxed at 300 K for 0.1 ns in the NVT ensemble. An atomic trajectory data file 
is obtained during this relaxation, which is used to analyze the structure of the glass using 
MATLAB [35]. 
 
Each oxygen atom is classified as a non-bridging oxygen (NBO), bridging oxygen (BO) 
or a tricluster oxygen (TO) based on the number of network formers (silicon and aluminum) 
each oxygen atoms is connected to. Similarly, each aluminum atom is classified as a four-fold 
aluminum (AlIV) or a five-gold aluminum (AlV) based on the number of oxygen atoms each 
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aluminum is connected to. A MATLAB script is used to perform the above classification, 
which, for each oxygen atom, calculates the distance between the oxygen atom and each silicon 
or aluminum atom, and adds up the number of silicon or aluminum atoms that are less than a 
specified cutoff distance from the oxygen. The O–Si/Al cutoff is determined by examining the 
O–Si and O–Al partial radial distribution functions (PDF) in OVITO [36], and choosing the 
first minimum in the PDF, to a precision of 0.05 Å, as the cutoff [37,38]. It is found that the 
cutoffs vary between 2.0 Å (for x = 0%) and 2.2 Å (for x = 70%) depending on the composition 
of the glass since O–Si/Al bond lengths increase as the percentage of alumina increases. Having 
classified each O and Al atom into their respective sub-species, the bond angle distribution for 
each sub-species of O and Al is obtained by calculating the angles between each pair of bonds 
within the cutoff of each central O or Al atom. 
 
C. Mean square displacement computation 
 
 The mean square displacement of a glass after an energy bump can be used as a measure 
of flexibility. In this investigation, the as-cooled glasses were first cooled to from 1 K to 10-7 
K in 20 ps in the NVT ensemble. An energy minimization is performed using the Polak-Ribiere 
version of the conjugate gradient (CG) algorithm [39] with energy and force tolerances of 10-
8 and 10-8 kcal/mol·Å, respectively. Then, the system is subjected to a 200 meV energy bump—
applied in the form of an increment in the kinetic energy of the atoms, following a Gaussian 
velocity distribution. Based on the equipartition theorem, half of this energy bump eventually 
results in an increase in the potential energy of the atoms, while the other half yields an increase 
in temperature. This energy bump corresponds to a final system temperature of 750 K, which 
is below the glass transition temperature of the simulated glasses [17,19] to ensure that the 
glasses remain in the solid phase. The glasses are then allowed to relax in the NVE ensemble 
for 2 ns, and the mean square displacement of all atoms is computed at every 1 ps. 6 trials are 
obtained for each composition by using different random velocities for the energy bump. 
 
D. Internal stress computation 
 
 Stress is normally defined for macroscopic objects or ensembles of atoms as the energy 
per unit volume, but ill-defined for individual atoms due to the lack of a clear physical 
interpretation. Nevertheless, to quantify the magnitude of the local forces acting on individual 
atoms, the “stress per atom” framework formulated by Thompson et al. [40] is adopted in our 
investigation. The stress per atom (σi) is defined in the following equation [41]: 
 3𝜎#𝑉# = 𝑚#𝑣#( + 𝑟+,⃗ ∙ 𝐹+,,⃗        (Eq. 1) 
 
where i denotes the atom of interest, and Vi, mi, vi, and 𝑟+,⃗  denote the Voronoi volume, mass, 
velocity, and position of the atom, and 𝐹+,,⃗  is the sum of all forces applied on the atom by all the 
other atoms in the system. Several previous studies have utilized this approach to quantify local 
stresses in an atomic network [42–46]. The computed stresses are either positive (in tension) 
or negative (in compression), and the sum of all stresses per atom multiplied by their respective 
Voronoi volumes equal zero since there is no external pressure applied to the glass 
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macroscopically. The stress per atom is calculated in LAMMPS after bringing the glass to 10-
7 K and performing the energy minimization procedure as described in Section II.C. 
 
 The internal stress per silicon atom (𝜎01,13456378) is defined in Eq. 2 as the difference 
between the stress per silicon atom in the as-cooled glass (𝜎01,987::) and the stress per silicon 
atom in an isolated Qn cluster (an SiO4 tetrahedron unit connected to n bridging oxygens), 
henceforth termed “reference stress” (𝜎01,65;5653<5): 
 𝜎01,13456378 = 𝜎01,987::	 − 𝜎01,65;5653<5	     (Eq. 2) 
 
More details regarding this calculation can be found in Ref. [41]. 
 
III. RESULTS AND DISCUSSION 
 
A. Radial constraints 
  
In order to construct a realistic topological constraint model, the number of radial 
constraints per atom is modeled by examining the connectivity of the glass. In this section, the 
oxygen atoms are classified into 3 sub-species, each of which creates different numbers of 
constraints: non-bridging oxygen (NBO), bridging oxygen (BO) and tricluster oxygen (TO) 
[47]. The aluminum atoms are classified into 2 sub-species: four-fold aluminum (AlIV) and 
five-fold aluminum (AlV) [48]. 
 
 
FIG. 1: Theoretical and simulated fractions of non-bridging oxygen (NBO), bridging oxygen (BO), 
and tricluster oxygen (TO) as a function of composition. The lines indicate the theoretical fractions as 
presented in TABLE 2, and the symbols indicate simulated fractions. The grey area indicates the region 
where the glass is isostatic. 
 For a pure sodium silicate (x = 0%), each Na acts as a network modifier by breaking 
one Si–BO covalent bond and creating an Na–NBO ionic bond. Hence, the theoretical number 
of NBO is equal to the number of Na. As the percentage of alumina increases from 0% to 30%, 
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each four-fold coordinated Al (AlIV) removes one Na–NBO bond by taking an Na into its local 
vicinity in order to balance the excess unit negative charge on the AlO4 tetrahedron. At x = 
30%, the number of Na exactly equal the number of Al, and the structure of the glass is 
comprised of SiO4 and AlO4 tetrahedrons, with all oxygen atoms acting as BO as seen in FIG. 
1. At x > 30%, as the ratio of Al/Na > 1, the newly added Al must rely on a different mechanism 
in order to maintain local charge neutrality. This is achieved by creating one TO (tricluster 
oxygen) for each non-sodium charge compensated Al, where each TO is connected to 3 
network formers (Al or Si) [19]. The above model has been used in a number of studies 
[17,19,49], and the existence of TO has been verified in simulations and experiments 
[17,18,50]. Furthermore, simulated glasses in this study suggest that this model is fairly 
consistent with simulations; the model predicts the formation of NBO accurately for pre-
aluminous glasses, but slightly under-predicts the fraction of TO for per-aluminous glasses. 
 
 
FIG. 2: Simulated fractions of four-fold aluminum (AlIV) and five-fold aluminum (AlV) as a function 
of composition. The lines serve as guides for the eyes. The grey area indicates the region where the 
glass is isostatic. 
 Since the fraction of AlV is hard to predict, this paper assumes a theoretical model where 
all Al are four-fold coordinated. In our simulations, the fraction of AlV is observed to increase 
as the percentage of alumina increases, up to a maximum of 10% at 70% alumina content as 
shown in FIG. 2. The existence of AlV has been observed in previous simulations and 
experiments [18,19,51], and are a consequence of increased network connectivity in alumina-
rich glasses. 
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B. Angular constraints 
 
 In addition to identifying the radial connectivity of each atomic sub-species, it is also 
important to assign the correct number of angular constraints to each sub-species. This can be 
achieved by examining the simulated bond angle distributions (BAD) of each sub-species. In 
general, distributions featuring sharp peaks suggest low angular bond mobility and wide 
distributions suggest high angular flexibility [52–55]. 
 
 
FIG. 3: (a) Simulated bond angle distribution for non-bridging oxygen (NBO) and bridging oxygen 
(BO) in (Na2O)30(SiO2)70(Al2O3)00, and for tricluster oxygen (TO) in (Na2O)30(SiO2)00(Al2O3)70. 
(b) Simulated bond angle distribution for four-fold aluminum (AlIV) and five-fold aluminum (AlV) in 
(Na2O)30(SiO2)00(Al2O3)70. 
 Upon examination of FIG. 3(a), it is observed that the NBO BAD has a wide distribution 
between 60° and 180°, which suggests that the NBO creates no angular constraints. On the 
contrary, the BO BAD has a concentrated peak at 150°. The TO BAD has two concentrated 
peaks at 90° and 120°, which corresponds to edge-sharing and trigonal planar geometries 
respectively. These bond angles agree with previous simulations and experiments [18,56–60]. 
The narrow BADs of BO and TO suggest that BO and TO have low angular bond mobility. 
 
 For the BADs of different Al sub-species as shown in FIG. 3(b), AlIV shows a narrow 
peak at 109°, which corresponds to the expected tetrahedron geometry. However, AlV shows a 
wide distribution between 75° and 180° with peaks at 90° and 180°, which corresponds to a 
distorted octahedral geometry. These bond angles agree with previous simulations 
[18,19,51,56]. Due to the sharpness of their respective BADs, the AlIV is theorized to create 
angular constraints while the AlV is thought to create no angular constraints. 
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C. Topological constraint model 
 
TABLE 1: Assumptions used to calculate the theoretical atomic fractions for the construction of the 
proposed topological constraint model, where x is the percentage of Al2O3, which varies from 0% to 
70%. Percentage of atoms are expressed per unit of (Na2O)30(SiO2)70-x(Al2O3)x. 
x ≤ 30%: x > 30%: 
1) No AlV are formed. 
2) No TO are formed. 
3) Each Al creates one charge compensating 
Na (NaAl). 
4) Each remaining Na (NaNBO) creates one 
ionic bond to an NBO. 
1) No AlV are formed. 
2) No NBO are formed. 
3) Every Na is used to charge compensate an 
AlIV, i.e. every Na is an NaAl. 
4) Each AlIV, except those that are charge 
compensated by an NaAl, create one TO. 
 
 
TABLE 2: Theoretical atomic fractions, bond stretching constraints, and bond bending constraints 
behind the proposed topological constraint model, where x is the percentage of Al2O3, which varies 
from 0% to 70%. Percentage of atoms are expressed per unit of (Na2O)30(SiO2)70-x(Al2O3)x. 
Atomic Type Percentage (x ≤ 30%) 
Percentage 
(x > 30%) 
Bond 
Stretching 
Constraints 
Bond 
Bending 
Constraints 
Total # of 
Constraints 
NBO 60 – 2x 0 2/2 0 1 
BO 110 + 3x 230 – x 2/2 1 2 
TO 0 2x – 60 3/2 3 9/2 
Si 70 – x 70 – x 4/2 5 7 
AlIV 2x 2x 4/2 5 7 
AlV 0 0 5/2 0 5/2 
NaNBO 60 – 2x 0 1/2 0 1/2 
NaAl 2x 60 0 0 0 
 
 Typical radial bond stretching (BS) constraints, BS = n/2 [49], where n denotes the 
connectivity of the central atom, are assumed for all atomic types except for NaAl since a charge 
compensating NaAl does not create a directional “bond” [61]. Moreover, n for NaNBO is set to 
equal 1 instead of its coordination number (i.e., 6) [59]. Typical angular bond bending (BB) 
constraints, BB = 2n – 3, are assumed for all atomic types except for NBO, AlV, NaNBO, and 
NaAl. As explained in Section III.B, no bond bending constraints are assumed for NBO and 
NaNBO because a NaNBO ionically bonded to an NBO is not thought to impose any angular 
constraints. Again, a NaAl in the vicinity of an aluminum atom does not create a directional 
“bond” and therefore does not impose any angular constraints. As shown in FIG. 3, NBO and 
AlV have wide BADs, which suggests that no angular constraints are imposed by NBO or AlV. 
The theoretical atomic fraction, BS, BB, and the total number of constraints per atom for each 
atomic sub-species is tabulated in TABLE 2.  
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FIG. 4: Topological constraint model for (Na2O)30(SiO2)70-x(Al2O3)x. The solid line is constructed based 
on the number of constraints calculated using theoretical atomic fractions, and the squares are 
constructed based on the number of constraints (nc) calculated using simulated atomic fractions. The 
dotted line indicates where the nc is exactly balanced by the number of degrees of freedom. The grey 
area indicates the region where glass is isostatic. 
 The number of constraints per atom (nc) as a function of percentage Al2O3 is shown in 
FIG. 4. Simulation data points are obtained by multiplying the simulated fractions of each 
atomic sub-species with their respective number of constraints per atom. The close agreement 
between the number of topological constraints predicted by theoretical atomic fractions and the 
number of topological constraints calculated by simulated atomic fractions suggest that the 
simulated fractions of each type of oxygen (NBO, BO and TO) and aluminum atoms (AlIV and 
AlV) closely reflect the theoretical fractions. The nc is observed to increase as the percentage 
of alumina increases, and nc increases more steeply after 30% alumina due to the formation of 
TO. At 25% alumina, the nc is exactly balanced by the number of degrees of freedom, i.e. the 
glass is isostatic. The proposed topological constraint model can be indirectly verified by 
experiments since isostatic glasses were found to have the best glass forming abilities [8]. 
Indeed, alumina rich glasses are extremely difficult to form in the laboratory [62], which is 
why molecular dynamics simulations are relied upon to study per-aluminous aluminosilicates. 
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D. Signatures of flexibility and stress 
 
 
FIG. 5: Mean square displacement of all atoms after an energy bump of 194 meV and a duration of 2 
ns, as a function of percentage Al2O3. The line serves as a guide for the eye. The gray area indicates the 
region of rigidity transition. 
 The mean square displacement (MSD) of all atoms, a signature of network flexibility, 
after an energy bump of 194 meV and a duration of 2 ns is shown in FIG. 5. The effect of the 
energy bump is to provide the atoms with enough kinetic energy to move and displace 
permanently, but not to the extent of melting. This method has been used in previous studies 
[43,63]. Mean square displacements of up to 23 Å2 are observed, which imply that atoms are 
permanently displaced. This occurs when atoms are provided with enough energy to jump over 
energy barriers, moving from one minimum in the enthalpy landscape to other minimums. 
MSD is observed to decrease slightly from 0% to 25% alumina, but a sudden drop in MSD is 
observed at 30% alumina. High MSD values prior to 30% alumina suggest that those glass 
compositions are flexible and have internal degrees of freedom. The sharp drop at 30% 
signifies a rigidity transition at the percolation threshold [64], at which long-range connectivity 
in the glassy network is achieved. Hence, this paper defines 30% alumina as the lower bound 
of rigidity transition. MSD is observed to decrease linearly from 30% to 70% alumina as the 
number of constraints continues to increase due to the addition of alumina. 
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FIG. 6: Internal stress per silicon atom as a function of percentage Al2O3. The lines serve as a guide for 
the eye. The gray area indicates the region of rigidity transition. 
For a pure sodium silicate glass (x = 0%), although it is in the flexible regime, there 
exists some internal stress due to residual thermal stress from quenching [41,65]. In FIG. 6, the 
internal stress per silicon atom is observed to increase as the percentage of alumina increases, 
which corresponds to an increase in nc. Moreover, an increase in slope is observed at 40% 
alumina, which indicates the presence of additional internal stress due to the network becoming 
over-constrained. Hence, this paper defines 40% as the point of transition into the stressed-
rigid domain. 
 
IV. CONCLUSIONS 
 
Altogether, this study provides a topological model for sodium aluminosilicate glasses, 
which can be used to predict the composition wherein the glass is expected to exhibit a flexible-
to-stressed–rigid transition. We find that the enumeration of the topological constraints is 
independently supported by tracking the onset of flexibility and internal stress within the 
atomic network. As a major outcome of this study, we find that, as the atomic connectivity 
increases, the glass first exhibits a flexible-to-rigid transition (i.e., a loss of atomic mobilities) 
and then an unstressed-to-stressed transition (i.e., an onset of internal stress). The fact that these 
two transitions do not occur at the same threshold composition effectively defines a range of 
compositions wherein the glass is isostatic, that is, rigid but free of internal stress [66–69]. 
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